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Let X be a separable metrizable space. It is proved that the space Ck(X) of all continuous
real-valued functions on X with the compact-open topology is stratiﬁable if and only if X
is Polish.
© 2008 Elsevier B.V. All rights reserved.
Gartside and Reznichenko [5] showed that Ck(X) is stratiﬁable whenever X is a Polish (that is, separable and completely
metrizable) space. They conjectured that if X is separable metrizable and Ck(X) is stratiﬁable, then X is Polish. Nyikos [7]
showed that Ck(Q) is not stratiﬁable, where Q is the set of rational numbers. Later, Reznichenko [8] and, independently,
Tsaban and Zdomskyy [9] proved that if X is separable metrizable and Ck(X) is stratiﬁable, then X contains a dense Polish
subspace.
This note contains a positive solution of the conjecture of Gartside and Reznichenko (see Theorem 4).
Note that Gruenhage and Tamano [6] obtained the following related result: If X is a σ -compact Polish space, then the
space Ck(X) is a μ-space and hence M1, i.e., it has a σ -closure-preserving base. The question of whether the converse is
true is very intriguing. It can be stated as follows: Is Ck(irrationals) M1?
Let X be a space. A collection P of pairs of subsets of X is said to be a local pair-base at a point x in X if, whenever
U is an open neighborhood of x, there is a P = (P1, P2) ∈ P such that P1 is open and x ∈ P1 ⊂ P2 ⊂ U ; P is a pair-base
(for the whole space X ) if it is a local pair-base for every point of X . A collection P of pairs of subsets of X is said to be
cushioned if, for every P ′ ⊂ P , we have ⋃{P1: (P1, P2) ∈ P ′} ⊂⋃{P2: (P1, P2) ∈ P ′}, and it is σ -cushioned if it can be
represented as a countable union of cushioned subcollections. A point in a space which has a σ -cushioned local pair-base
is called a σ -m3 point, and a point which has a cushioned local pair-base is called an m3 point. Finally, a space all of whose
points are (σ -) m3 points is said to be (σ -) m3. It can easily be shown that every monotonically normal space is an m3
space. Also, it is well known that a space is stratiﬁable if and only if it has a σ -cushioned pair-base. (See [2] for further
information about m3 spaces.)
Let K(X) denote the family of compact nonempty subsets of a space X . For F ⊂ K(X), we set s(F) = {K ∈ K(X): K ⊂ P
for some P ∈ F}.
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An instance of this game is a sequence (Un, Vn, xn)n∈ω deﬁned by induction as follows. The player β begins and chooses
a nonempty open subset U0 of X and a point x0 ∈ U0; the player α then chooses a nonempty open set V0 such that
x0 ∈ V0 ⊂ U0. When (Ui, Vi, xi) for i = 0, . . . ,n − 1 is deﬁned, the player β chooses a nonempty open set Un ⊂ Vn−1 and
a point xn ∈ Un , and the player α chooses a nonempty open set Vn such that xn ∈ Vn ⊂ Un . The player α wins if the
intersection
⋂
n∈ω Un is nonempty.
It is well known (see [1, Theorem 8.7]) that a metrizable space X is completely metrizable if and only if X is strongly
α-favorable (i.e., the player α has a winning strategy for the strong Choquet game).
Lemma 1. Let X be a space. If Ck(X) is m3 , then there exists a map E :K(X) → K(X) such that the following condition holds:
(∗) if (On)n∈ω is a discrete sequence of open sets, (Kn)n∈ω ⊂ K(X), and On ∩ Kn = ∅ for any n ∈ ω, then there exist k < l < ω such
that Ok ∩ E(Kl) = ∅.
Proof. For K ∈ K(X), we set W (K , ε) = { f ∈ C(X): ‖ f ‖K < ε}, where ‖ f ‖K = sup{| f (x)|: x ∈ K }. The sets W (K , ε) form
a neighborhood base of the null function in Ck(X). Since Ck(X) is m3, there exists an E(K ) ∈ K(X) and an ε(K ) > 0 for
any K ∈ K(X) such that {(W (E(K ), ε(K )),W (K ,1)): K ∈ K(X)} is cushioned. Let us show that E : K(X) → K(X) is as
desired. Suppose that it is not. Then there exists a discrete sequence of open sets (On)n∈ω and a sequence (Kn)n∈ω ⊂ K(X)
such that On ∩ Kn = ∅ for any n ∈ ω and Ok ∩ E(Kl) = ∅ for any k < l < ω. Hence there exists an f ∈ Ck(X) such that⋃
n∈ω On ∪ f −1(0) = X and ‖ f ‖Kn > 1 for any n ∈ ω. One can see that f /∈
⋃
n∈ω W (Kn,1) and f ∈
⋃
n∈ω W (E(Kn), ε(Kn)).
Hence {(W (E(Kn), ε(Kn)),W (Kn,1)): n ∈ ω} is not cushioned; this contradiction completes the proof. 
A topological space is of point-countable type if every point in this space is contained in a compact set of countable
character.
Lemma 2. Suppose that X is a space of point-countable type, F =⋃i∈ω Fi ⊂ K(X), U ⊂ X is open, and x ∈ U . If K(U ) ⊂ s(F), then
there exist an n ∈ ω and an open V  x such that K(V ) ⊂ s(Fn).
Proof. Since X is a space of point-countable type, there exists a compact subspace P ⊂ U of countable character contain-
ing x. Let (Wi)i∈ω be an external open countable base of P such that W0 ⊂ U . Suppose that the lemma is false. Then, for
any i ∈ ω, there exists a Ki ∈ K(Wi) such that Ki /∈ s(Fi). We set K = P ∪⋃i∈ω Ki . Then K is compact and K ∈ K(U ). Hence
there exists an n ∈ ω such that K ∈ s(Fn). Since Kn ⊂ K , it follows that Kn ∈ s(Fn), which contradicts the assumption. 
Theorem 3. Suppose that X is a space of point-countable type and Ck(X) is m3 . Then X is strongly α-favorable.
Proof. Take E :K(X) → K(X) from Lemma 1. For M ⊂ X , we set E(M) = {K ∈ K(X): E(K ) ∩ M = ∅}.
Lemma. Suppose that x ∈ X, U  x is open, U is not pseudocompact, F ⊂ K(X), and K(U ) ⊂ s(F). Then there exist open nonempty
sets V and O such that x ∈ V ⊂ V ⊂ U , O ⊂ U , V ∩ O = ∅, and K(V ) ⊂ s(F ∩ E(O )).
Proof. Since U is not pseudocompact, there exists a discrete (in X ) sequence (On)n∈ω of open subsets of U such that x /∈ On
for any n. Hence K(X) =⋃n∈ω E(On) and F =
⋃
n∈ω Fn , where Fn = F ∩E(On). Lemma 2 implies the existence of an m ∈ ω
and an open V ′  x such that K(V ′) ⊂ s(Fm). Put O = Om and take open nonempty V such that x ∈ V ⊂ V ⊂ V ′ ∩U \ O . 
Let us deﬁne a winning strategy for the player α in the strong Choquet game. If, in a game (Un, Vn, xn)n∈ω , some Un is
pseudocompact, then α can choose Vi for i  n so that xi ⊂ Vi ⊂ Vi ⊂ Ui . Thus the intersection ⋂n∈ω Un in nonempty, and
the player α wins. So, we shall assume that there is no pseudocompact Un .
Playing a game (Un, Vn, xn)n∈ω , the player α deﬁnes open sets On and families of compact sets Fn ⊂ K(X) such that
(1) xn ∈ Vn ⊂ Vn ⊂ Un;
(2) On ⊂ Un \ Vn;
(3) K(Vn) ⊂ s(Fn);
(4) Fn ⊂ E(On);
(5) Fn+1 ⊂ Fn
for any n ∈ ω. Let F−1 = K(X).
The nth step. Applying the lemma to (x,U ,F) = (xn,Un,Fn−1), we obtain open nonempty sets Vn and On such that
xn ∈ Vn ⊂ Vn ⊂ Un , On ⊂ Un , Vn ∩ On = ∅, and K(Vn) ⊂ s(Fn−1 ∩ E(On)). We put Fn = Fn−1 ∩ E(On).
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⋂
n∈ω Un is empty. Then the family (On)n∈ω is discrete.
Take Kn ∈ Fn−1 such that Kn ∩ On = ∅. Then E(Kn) ∩ Om = ∅ for any m < n. This contradicts the property (∗) of the
map E . 
Theorem 3 and results of [5] imply the following theorem.
Theorem 4. Let X be a separable metrizable space. Then the space Ck(X) is stratiﬁable if and only if X is Polish.
Any monotonically p-space (in particular, any p-space or Moore space) is point-countable (see [3] for the deﬁnition).
Hence Theorem 3 and Theorem 3.1 from [3] imply the following assertion.
Corollary 5. Suppose that X is a monotonically p-space and Ck(X) is m3 . Then X is a sieve complete space.
For paracompact spaces, sieve completeness is equivalent to Cˇech completeness (see [3]). Thus, we obtain the following
corollary.
Corollary 6. Suppose that X is a paracompact p-space and Ck(X) is m3 . Then X is a Cˇech complete space.
There exist locally completely metrizable (and, of course, sieve complete) Moore spaces which are not Cˇech complete [4].
Question 7. Suppose that X is a monotonically p-space (p-space, Moore space) and Ck(X) is m3 (stratiﬁable). Is then X a
Cˇech complete space?
Question 8. Characterize those spaces X from the classes listed below for which Ck(X) is m3 (stratiﬁable):
(1) spaces with countable network;
(2) ℵ0-spaces;
(3) k-spaces;
(4) countable spaces (with only one nonisolated point), in particular,
(a) countable ℵ0-spaces;
(b) countable k-spaces.
Question 9. Let X be a space for which Ck(X) is m3 (stratiﬁable).
(1) Suppose that X has countable network (is an ℵ0-space). Is X analytic (i.e., a continuos image of the irrationals)? Is X a
continuos image of the irrationals under a k-covering map?
(2) Suppose that X is a countable (ℵ0-, k-space) space (with one nonisolated point). Is X a continuos image of a Polish
(σ -compact, countable) space under a k-covering map?
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